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a b s t r a c t
The well-known Faà di Bruno formula for higher derivatives of a composite function plays
an important role in combinatorics. In this paper we obtain a unified approach to some
recurrence sequences for the complete Bell polynomials by using Faà di Bruno’s formula.
Furthermore, we obtain an inverse relation of Lah numbers of two types, and by using this
relation we obtain some new and interesting combinatorial identities.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
In recent years, some polynomials, including Chebyshev’s polynomials of the first and second kinds, Jacobsthal’s
polynomials, Vieta’s polynomials, and Morgan-Voyce’s polynomials with recurrence sequences, have been studied
extensively; see [1,2] and references therein. More recently, Belbachir and Mihoubi [3] obtained a generalized recurrence
for the single-variable Bell polynomials [4]. Recall that the single-variable Bell polynomials {Bn(x)}n≥0 are defined by their
generating function
ex(e
t−1) =
−
n≥0
Bn(x)
tn
n! ,
and the Stirling numbers of the second kind denoted by S(n, k) are defined by
(et − 1)k
k! =
−
n≥k
S(n, k)
tn
n! .
Belbachir and Mihoubi’s formula can be given as follows:
Bm+n(x) =
m−
i=0
n−
j=0
S(m, i)

n
j

xiBj(x)in−j. (1.1)
It is also noted that Gould andQuaintance [5] independently obtained the same result by using a generating functionmethod
at almost the same time. They both generalized Spivey’s Bell number formula [6]
Bm+n =
m−
i=0
n−
j=0
S(m, i)

n
j

Bjin−j, (1.2)
which is given by a short combinatorial proof.
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Recall that the exponential complete Bell polynomials Yn(x1, x2, . . . , xn) are defined by their generating function
exp
−
m≥1
xm
tm
m!

=
−
n≥0
Yn(x1, x2, . . . , xn)
tn
n! . (1.3)
This directly leads to
Yn(x, x, . . . , x) = Bn(x).
Thus, (1.1) can be rewritten as
Ym+n(x, x, . . . , x) =
m−
i=0
n−
j=0
S(m, i)

n
j

xiYj(x, x, . . . , x)in−j. (1.4)
In this paper, by using the well-known Faà di Bruno formula we give a unified method for obtaining some recurrence
formulas for the exponential complete Bell polynomials including (1.4). These formulas involve the Lah numbers and the
Stirling numbers. In addition, an inverse relation of Lah numbers of two types is given in Section 4. Using this relation we
obtain some new and interesting identities.
2. Faà di Bruno’s formula
In this section some basic facts about the composition of functions and how to calculate higher derivatives via Faà di
Bruno’s formula are reviewed. Let h = f ◦ g be a composite function. There are several ways to represent the nth derivative
of the composite function h. One of the most well-known ways is given by Faà di Bruno’s formula [7,8]
h(n)(t) =
−
π(n)
n!
i1!i2! · · · in! f
(i)(g(t))

g ′(t)
1!
i1 g ′′(t)
2!
i2
· · ·

g(n)(t)
n!
in
,
where the sum runs over all partitions π(n) of the integer n, ik denotes the number of parts of size k, and i = i1+ i2+· · ·+ in
denotes the number of parts of the partition considered.
Faà di Bruno’s formula has played an important role in combinatorial analysis. It also has been applied in many branches
of mathematics such as in numerical analysis [9,10], and statistics [11,12]. Consequently, Faà di Bruno’s formula has been
widely studied and generalized [13–23].
As usual, Faà di Bruno’s formula is also described in terms of the Bell polynomials:
h(n)(t) =
n−
i=1
f (i)(g(t))Bn,i

g ′(t), g ′′(t), . . .

, (2.1)
where the exponential partial Bell polynomial Bn,i(x1, x2, . . . , ) is given by an explicit expression:
Bn,i(x1, x2, . . .) =
−
c1+2c2+···+ncn=n
c1+c2+···+cn=i
n!
c1!(1!)c1c2!(2!)c2 · · · cn!(n!)cn x
c1
1 x
c2
2 · · · xcnn . (2.2)
Suppose that xk = 1, xk = (−1)k−1k! and xk = k! for k = 1, 2, . . . , respectively; then the following three identities hold:
Bn,i(1, 1, . . .) = S(n, i), (2.3)
Bn,i(1!,−2!, 3!, . . .) = (−1)iL(n, i) = (−1)n−i

n− 1
i− 1

n!
i! , (2.4)
Bn,i(1!, 2!, 3!, . . .) = L˜(n, i) =

n− 1
i− 1

n!
i! , (2.5)
where L(n, i) is the Lah number, equal to (−1)n

n−1
i−1

n!
i! , and L˜(n, i) = |L(n, i)| is the signless Lah number [8,24]. Using Faà
di Bruno’s formula and the properties of the exponential partial Bell polynomials, we obtain the following propositions.
Proposition 2.1. Suppose that m ≥ 1. We have
dm
dtm
ex(e
t−1) = ex(et−1)
m−
i=1
S(m, i)xieit , (2.6)
where S(m, i) is the Stirling number of the second kind.
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Proof. According to Faà di Bruno’s formula, we have
dm
dtm
ex(e
t−1) = ex(et−1)
m−
i=1
Bm,i(xet , xet , . . .).
By virtue of (2.2), we get the expression
Bm,i(xet , xet , . . .) = (xet)iBm,i(1, 1, . . .),
which, by virtue of (2.3), implies (2.6). 
Proposition 2.2. Suppose that m ≥ 1. We have
dm
dtm
e
xt
1+t = e xt1+t
m−
i=1
(−1)iL(m, i)xi(1+ t)−m−i, (2.7)
where L(m, i) is the Lah number.
Proof. According to Faà di Bruno’s formula, we have
dm
dtm
e
xt
1+t = e xt1+t
m−
i=1
Bm,i

1!x
(1+ t)2 ,
−2!x
(1+ t)3 , . . .

.
Using (2.2), we get the expression
Bm,i

1!x
(1+ t)2 ,
−2!x
(1+ t)3 , . . .

= xi(1+ t)−m−iBm,i(1!,−2!, . . .),
which, by virtue of (2.4), implies (2.7). 
Proposition 2.3. Suppose that m ≥ 1. We have
dm
dtm
e
xt
1−t = e xt1−t
m−
i=1
L˜(m, i)xi(1− t)−m−i, (2.8)
where L˜(m, i) is the signless Lah number.
The proof of (2.8) is very similar to that of (2.7), and we omit it.
3. Recurrence sequences of complete Bell polynomials
In this section, we give a new proof of (1.1) by using Faà di Bruno’s formula.
Theorem 3.1. Suppose that m ≥ 1 and n ≥ 0. It holds that
Ym+n(x, x, . . . , x) =
m−
i=1
n−
j=0
S(m, i)

n
j

xiYj(x, x, . . . , x)in−j. (3.1)
where S(m, i) is the Stirling number of the second kind.
Proof. By Proposition 2.1 we have
dm
dtm
ex(e
t−1) = ex(et−1)
m−
i=1
S(m, i)xieit . (3.2)
Since ex(e
t−1) =∑∞n=0 Yn(x, x, . . . , x) tnn! , we can easily show that the left hand side of Eq. (3.2) satisfies
dm
dtm
ex(e
t−1) =
∞−
n=0
Yn+m(x, x, . . . , x)
tn
n! ,
and the right hand side of Eq. (3.2) satisfies
ex(e
t−1)
m−
i=1
S(m, i)xieit =
∞−
j=0
Yj(x, x, . . . , x)
t j
j!
m−
i=1
S(m, i)xi
∞−
k=0
iktk
k!
=
∞−
n=0
tn
n!
m−
i=1
n−
j=0
S(m, i)

n
j

xiYj(x, x, . . . , x)in−j.
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On comparing the coefficients of t
n
n! , we note that
Ym+n(x, x, . . . , x) =
m−
i=1
n−
j=0
S(m, i)

n
j

xiYj(x, x, . . . , x)in−j.
This completes the proof. 
Since S(m, 0) = 0 for eachm ≥ 1, Eqs. (3.1), (1.1) and (1.4) are equivalent.
Let {φn(x)}n≥0 and {ψn(x)}n≥0 be function sequences defined by their generating functions
e
xt
1+t =
∞−
n=0
φn(x)
tn
n! ,
e
xt
1−t =
∞−
n=0
ψn(x)
tn
n! .
By virtue of (1.3) this implies
φn(x) = Yn(1!x,−2!x, . . . , (−1)nn!x), (3.3)
ψn(x) = Yn(1!x, 2!x, . . . , n!x). (3.4)
Applying Propositions 2.2–2.3, we have some recurrence sequences of the exponential complete Bell polynomials.
Theorem 3.2. Suppose that m ≥ 1 and n ≥ 0. It holds that
Ym+n(1!x,−2!x, . . . , (−1)m+n−1(n+m)!x)
=
m−
i=1
n−
j=0
(−1)iL(m, i)

n
j

xiYj(1!x,−2!x, . . . , (−1)j−1j!x)(n− j)!
−m− i
n− j

, (3.5)
where L(m, i) is the Lah number.
Proof. By Proposition 2.2 we have
dm
dtm
e
xt
1+t = e xt1+t
m−
i=1
(−1)iL(m, i)xi(1+ t)−m−i. (3.6)
Since e
xt
1+t =∑∞n=0 Yn(1!x,−2!x, . . . , (−1)n−1n!x) tnn! , we can show that the left hand side of Eq. (3.6) satisfies
dm
dtm
e
xt
1+t =
∞−
n=0
Yn+m(1!x,−2!x, . . . , (−1)m+n−1(m+ n)!x) t
n
n! ,
and the right hand side of Eq. (3.6) satisfies
e
xt
1+t
m−
i=1
(−1)iL(m, i)xi(1+ t)−m−i =
∞−
j=0
Yj(1!x,−2!x, . . . , (−1)j−1j!x) t
j
j!
m−
i=1
(−1)iL(m, i)xi
∞−
k=0
−m− i
k

tk
=
∞−
n=0
tn
n!
m−
i=1
n−
j=0
(−1)iL(m, i)

n
j

xiYj(1!x,−2!x, . . . , (−1)j−1j!x)(n− j)!
−m− i
n− j

.
By comparing the coefficients of tn/n!, we obtain (3.5). 
In view of having L(0, 0) = 1, L(m, 0) = 0 for m ≥ 1 and (3.1), we can say that Eq. (3.5) is equivalent to the following
identity.
Corollary 3.1. Suppose that m ≥ 0, n ≥ 0. We have
φn+m(x) =
m−
i=0
n−
j=0
(−1)iL(m, i)

n
j

xiφj(x)(n− j)!
−m− i
n− j

, (3.7)
where L(m, i) is the Lah number.
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As an immediate consequence, we deduce two recurrence sequences form = 1 and n = 0, respectively:
φn+1(x) = x
n−
j=0
(−1)n−j

n
j

φj(x)(n− j+ 1)!,
φm(x) =
m−
i=0
(−1)iL(m, i)xi.
Suppose that φj = φj(1) for j ≥ 0. Then we find a formula similar to Spivey’s formula (1.2), by virtue of (3.7), for φj as
follows:
φn+m =
m−
i=0
n−
j=0
(−1)iL(m, i)

n
j

φj(n− j)!
−m− i
n− j

.
In a similar way, by Proposition 2.3, we find the following theorem by computing themth derivative of e
xt
1−t .
Theorem 3.3. Suppose that m ≥ 1 and n ≥ 0. It holds that
Ym+n(1!x, 2!x, . . . , (n+m)!x) =
m−
i=1
n−
j=0
L˜(m, i)

n
j

xiYj(1!x, 2!x, . . . , j!x)(n− j)!
−m− i
n− j

, (3.8)
where L˜(m, i) is the signless Lah number.
According to (3.2), we obtain the following recurrence relationship for {ψj(x)}j≥0.
Corollary 3.2. Suppose that m ≥ 0, n ≥ 0. We have
ψn+m(x) =
m−
i=0
n−
j=0
L˜(m, i)

n
j

xiψj(x)(n− j)!
−m− i
n− j

, (3.9)
where L˜(m, i) is the signless Lah number.
Supposing thatm = 1 and n = 0 in (3.9), respectively, we obtain
ψn+1(x) = x
n−
j=0
(−1)n−j

n
j

ψj(x)(n− j+ 1)!,
ψm(x) =
m−
i=0
L˜(m, i)xi.
Suppose that ψj = ψj(1) for j ≥ 0. Then by virtue of (3.9) we find a formula for {ψj}j≥0 as follows:
ψn+m =
m−
i=0
n−
j=0
L˜(m, i)

n
j

ψj(n− j)!
−m− i
n− j

.
4. New identities for the Lah numbers
In [5], the authors obtained a lemma giving a formula of central importance:
p−
i=0
Bn+is(p, i) =
n−
j=0

n
j

Bn−jpj,
where s(p, i) is the Stirling number of the first kind and n ≥ 0, p ≥ 1. Then they extended this result to the single-variable
Bell polynomials, namely,
p−
i=0
Bn+i(x)s(p, i) = xp
n−
j=0

n
j

Bn−j(x)pj.
In this section we will obtain similar identities for {φn(x)}n≥0 and {ψn(x)}n≥0. First, we need the following lemma.
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Lemma 4.1. Let L(n, i) be the Lah number and L˜(n, i) be the signless Lah number. Then we have
n−
i=m
(−1)iL(n, i)L˜(i,m) = δm,n, (4.1)
and
(−1)m
n−
i=m
L˜(n, i)L(i,m) = δm,n, (4.2)
where the ‘‘Kronecker delta’’ is defined by δm,n = 1 if m = n, and δm,n = 0 for m ≠ n.
Proof. Nowweonly give the proof of (4.1). The proof of (4.2) is similar. Ifwe suppose thatu = t(1+t)−1, then t = u(1−u)−1.
Thus, we have
tm
m! =
1
m!

u
1− u
m
=
−
i≥m
L˜(i,m)
ui
i! =
−
i≥m
L˜(i,m)
(t(1+ t)−1)i
i!
=
−
i≥m
L˜(i,m)
−
n≥i
(−1)iL(n, i) t
n
n! =
−
n≥m
tn
n!
n−
i=m
(−1)iL(n, i)L˜(i,m).
On comparing the coefficients of tk, k = m,m+ 1, . . . , n, we note that (4.1) is true. This completes the proof. 
According to this lemma, the following relation holds:
Lemma 4.2. If fm =∑mi=0(−1)iL(m, i)gi for arbitrary m ≥ 0, then for arbitrary p ≥ 0 we have
gp =
p−
i=0
L˜(p, i)fi. (4.3)
In contrast, if gm =∑mi=0 L˜(m, i)fi for arbitrary m ≥ 0, then for arbitrary p ≥ 0 we have
fp =
p−
i=0
(−1)iL(p, i)gi. (4.4)
Proof. Since fm =∑mi=0(−1)iL(m, i)gi for arbitrarym ≥ 0, we have
p−
i=0
L˜(p, i)fi =
p−
i=0
L˜(p, i)
i−
j=0
(−1)jL(i, j)gj
=
p−
j=0
gj
p−
i=j
(−1)jL(i, j)L˜(p, i).
The orthogonality of relationship (4.2) between the two types of Lah numbers implies that (4.3) is true. Using the
orthogonality of relationship (4.1) we can give a proof of (4.4) similar to that of (4.3), and we omit the details. 
In view of Proposition 2.2, we have
(1+ t)m
∞−
k=0
φk+m(x)
tk
k! =
∞−
n=0
tn
n!
m−
i=0
(−1)iL(m, i)xi
n−
j=0

n
j

φj(x)(n− j)!
 −i
n− j

.
Equating the coefficients of tn/n! yields
Φm(x) =
m−
i=0
(−1)iL(m, i)xi
n−
j=0

n
j

φj(x)(n− j)!
 −i
n− j

,
where
Φm(x) =

m−
k=0
1
k!
n
k
 m
k

φn+m−k(x), m < n,
n−
k=0
1
k!
n
k
 m
k

φn+m−k(x), m ≥ n.
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Suppose that fi = Φi(x), gi = xi∑nj=0  nj φj(x)(n − j)!  −in−j for i ≥ 0. Applying Eq. (4.3) we obtain a new formula
associated with {φn(x)}n≥0.
Theorem 4.1. For arbitrary p ≥ 0 and n ≥ 0, it holds that
p−
i=0
L˜(p, i)Φi(x) = xp
n−
j=0

n
j

φj(x)(n− j)!
 −p
n− j

,
where L˜(p, i) is the signless Lah number.
Suppose thatΦi = Φi(1) for i ≥ 0. Then the following corollary holds.
Corollary 4.1. For arbitrary p ≥ 0 and n ≥ 0, we have
p−
i=0
L˜(p, i)Φi =
n−
j=0

n
j

φj(n− j)!
 −p
n− j

,
where L˜(p, i) is the signless Lah number.
By Proposition 2.3, it is not difficult to find the following formula.
Theorem 4.2. For arbitrary p ≥ 0 and n ≥ 0, it holds that
p−
i=0
(−1)iL(p, i)Ψi(x) = xp
n−
j=0

n
j

ψj(x)(n− j)!
 −p
n− j

,
where L(p, i) is the Lah number, and Ψi(x) is defined by
Ψi(x) =

i−
k=0
1
k!
n
k
 i
k

ψn+i−k(x), i < n,
n−
k=0
1
k!
n
k
 i
k

ψn+i−k(x), i ≥ n.
Suppose that Ψi = Ψi(1) for i ≥ 0. It is natural that the following corollary holds.
Corollary 4.2. For arbitrary p ≥ 0 and n ≥ 0, we have
p−
i=0
(−1)iL(p, i)Ψi =
n−
j=0

n
j

ψj(n− j)!
 −p
n− j

,
where L(p, i) is the Lah number.
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